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ON GENERALIZED SHIFT TRANSFORMATION SEMIGROUPS
FATEMAH AYATOLLAH ZADEH SHIRAZI, FATEMEH EBRAHIMIFAR
Abstract. In the following text we prove that for finite discrete X with at
least two elements and infinite Γ, the generalized shift transformation semi-
group (S,XΓ) is equicontinuous (resp. has at least an equicontinuous point,
is not sensitive) if and only if for all w ∈ Γ, {ϕ(w) : σϕ ∈ S} is finite. We
continue our study regarding distality and expansivity of (S,XΓ).
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1. Introduction
The concept of generalized shifts has been introduced for the first time in [2] as
a generalization of one-sided shift {1, . . . , k}N → {1, . . . , k}N
(a1,a2,··· ) 7→(a2,a3,··· )
and two-sided shift
{1, . . . , k}Z → {1, . . . , k}Z
(an)n∈Z 7→(an+1)n∈Z
, which are well-known in dynamical systems’ approach
and ergodic theory [9]. Suppose K is a nonempty set with at least two elements, Γ
is a nonempty set, and ϕ : Γ→ Γ is an arbitrary map, then σϕ : K
Γ → KΓ
(xα)α∈Γ 7→(xϕ(α))α∈Γ
denotes a generalized shift. It’s evident that for topological spaceK, σϕ : K
Γ → KΓ
is continuous, where KΓ is equipped with product topology, moreover if K has a
group structure, then σϕ : K
Γ → KΓ is a group homomorphism. Dynamical (and
non-dynamical) properties of generalized shifts has been studied in several papers,
like [3] and [8]. In the following text we study equicontinuity and distality in
(S, XΓ), where X is a finite discrete space and S is a semigroup of generalized
shifts on XΓ.
2. Priliminaries
Background on uniform spaces. Let’s recall that for arbitrary set Y we say K
is a uniformity on Y if K is a collection of subsets of Y × Y such that:
• ∀α ∈ K (∆Y ⊆ α);
• ∀α, β ∈ K (α ∩ β ∈ K);
• ∀α ∈ K ∀β ⊆ Y × Y (α ⊆ β ⇒ β ∈ K);
• ∀α ∈ K ∃β ∈ K (β ◦ β−1 ⊆ α);
where ∆Y = {(y, y) : y ∈ Y } and for α, β ⊆ Y × Y we have α
−1 = {(y, x) : (x, y) ∈
α}, α ◦ β = {(x, y) : ∃z ((x, z) ∈ α ∧ (z, y) ∈ β)}. If K is a uniformity on Y we call
(Y,K) a uniform space, also for all α ∈ K and x ∈ Y , let α[x] := {y : (x, y) ∈ α};
so τ := {U ⊆ Y : ∃α ∈ K (α[x] ⊆ U)} is a topology on Y , we call it the uniform
topology induced by K and equip (Y,K) by τ . For topological space Z we say Z
is uniformzable and uniformity H is a compatible uniformity on Z, if the uniform
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topology induced by H coincides with original topology of Z. Every compact Haus-
dorff topological space is uniformzable and has a unique compatible uniformity. For
more details on uniform structures we refer the interested reader to [6].
If A is a collection of maps from uniform space (Y,KY ) to uniform space (Z,KZ), we
say A is equicontinuous if for all α ∈ KZ , there exists β ∈ KY with
Aβ := {(f(x), f(y)) : f ∈ A, (x, y) ∈ β} ⊆ α.
Background on transformation semigroups. By a (topological) transforma-
tion semigroup (S, Y, pi) or simply (S, Y ) we mean a compact Hausdorff topological
space Y (phase space), discrete topological semigroup S (phase semigroup) with
identity e and continuous map pi : S × Y → Y (pi(s, x) = sx for s ∈ S and x ∈ Y )
such that for all x ∈ Y and s, t ∈ S we have ex = x and (st)x = s(tx). Consider
the transformation semigroup (S, Y ) with unique compatible uniformity H on Y ,
we say:
• (S, Y ) is equicontinuous if for all α ∈ H there exists β ∈ H with
Sβ := {(sx, sy) : s ∈ S, (x, y) ∈ β} ⊆ α;
• x ∈ Y is an equicontinuous point of (S, Y ) if for all α ∈ H there exists open
neighbourhood U of x with {(sx, sy) : s ∈ S, , y ∈ U} ⊆ α;
• (S, Y ) is expansive if there exists α ∈ H such that for all distinct x, y ∈ Y
there exists s ∈ S with (sx, sy) /∈ α;
• (S, Y ) is sensitive if there exists α ∈ H such that for all x ∈ Y and open
neighbourhood U of x there exists s ∈ S and y ∈ U with (sx, sy) /∈ α. So
if (S, Y ) is sensitive, then it has a non-equicontinuous point and it is not
equicontinuous.
Moreover in the transformation semigroup (S, Y ) for all s ∈ S the map pis : Y → Y
with pis(y) = sy (for y ∈ Y ) is continuous, sometimes we denote pis simply by
s. We call the closure of {pis : s ∈ S} in Y Y with pointwise convergence (or
product) topology, the enveloping semigroup and denote it by E(S, Y ) or simply
by E(Y ). If (S, Y ) is an equicontinuous transformation semigroup, then E(S, Y )
is an equicontinuous family on Y [7] and [4], in particular all elements of E(S, Y )
are continuous maps on Y . The enveloping semigroup has a semigroup operation
under the composition of maps [7]. In the transformation semigroup (S, Y ) we say:
• (S, Y ) is distal if it satisfies each of the following equivalent conditions
(hence, in distal transformation semigroup (S, Y ) all elements of E(S, Y )
(and in particular S) are bijections from Y to Y ) [7]:
– E(S, Y ) is a group;
– for all x, y, z ∈ Y and net {sλ}λ∈Λ in S with lim
λ∈Λ
sλx = z = lim
λ∈Λ
sλy
we have x = y;
• (S, Y ) is weakly almost periodic, if all elements of E(S, Y ) are continuous
maps on Y (so, it’s evident that all equicontinuous transformation semi-
groups are weakly almost periodic) [5].
Convention 2.1. In the following text suppose X is a finite discrete space with
at least two elements, Γ is an infinite set, S is a semigroup of generalized shifts
on XΓ (equip XΓ with product topology) containing the identity map on XΓ,
T = {ϕ ∈ ΓΓ : σϕ ∈ S}. Thus we may consider the transformation semigroup
(S, XΓ) where the elements of S acts in a natural way on XΓ. For H ⊆ Γ, let:
αH := {((xw)w∈Γ, (yw)w∈Γ) ∈ X
Γ ×XΓ : ∀w ∈ H (xw = yw)} .
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Then
F := {α ⊆ XΓ ×XΓ : there exists a finite subsetH of Γ with αH ⊆ α}
is the unique compatible uniformity on XΓ.
On the other hand one may verify that for all ϕ, η : Γ→ Γ, we have
• σϕ ◦ ση = ση◦ϕ;
• σϕ = ση if and only if ϕ = η;
• σidΓ = idXΓ (where by idZ : Z → Z we mean idZ(w) = w(w ∈ Z)).
Therefore, if M is a family of generalized shift on XΓ, M is a semigroup (contain-
ing the identity map on XΓ) if and only if {ϕ ∈ ΓΓ : σϕ ∈ M} is a semigroup
(containing the identity map on Γ), in addition {ϕ ∈ ΓΓ : σϕ ∈ M} →M
η 7→ση
is bijec-
tive. In particular, T is a semigroup (under the operation of composition of maps)
containing idΓ and T → S
η 7→ση
is bijective.
Note 2.2. The set {σϕ : ϕ ∈ Γ
Γ} is a closed subset of C(XΓ, XΓ) (the collection of
all continuous maps fromXΓ toXΓ) with pointwise convergence (product) topology
[1], so all continuous elements of E(S, XΓ) has the form σϕ for some ϕ : Γ→ Γ. In
particular, (S, XΓ) is weakly almost periodic if and only if E(S, XΓ) ⊆ {σϕ : ϕ ∈
ΓΓ}.
We call a ∈ A a quasi-periodic point (resp. periodic point) of h : A → A, if there
exist n > m ≥ 1 such that hn(a) = hm(a) (resp. hm(a) = a). For f : A → B and
C ⊆ A, by f ↾C : C → B (f ↾C (x) = f(x)(x ∈ C)) we mean the restriction of f to
C.
3. When is (S, XΓ) equicontinuous?
In this section we prove that (S, XΓ) is equicontinuous if and only if for all w ∈ Γ,
T w is finite.
Lemma 3.1. If (S, XΓ) has an equicontinuous point, then for all w ∈ Γ, T w is
finite.
Proof. Suppose (qw)w∈Γ is an equicontinuous point of (S, X
Γ). Choose v ∈ Γ, then
there exists open neighbourhoodU of (qw)w∈Γ with S{(z, (qw)w∈Γ) : z ∈ U} ⊆ α{v}.
There exists finite subset H of Γ with αH [(qw)w∈Γ] ⊆ U , hence for all ϕ ∈ T we
have
{(σϕ((zw)w∈Γ), σϕ((qw)w∈Γ)) : (zw)w∈Γ ∈ αH [(qw)w∈Γ]} ⊆ α{v} .
Choose distinct p, q ∈ X and let:
xw :=
{
qw w ∈ H ,
p w ∈ Γ \H ,
and yw :=
{
qw w ∈ H ,
qp w ∈ Γ \H .
Then (xw)w∈Γ, (yw)w∈Γ ∈ αH [(qw)w∈Γ], therefore
(σϕ((xw)w∈Γ), σϕ((qw)w∈Γ)), (σϕ((yw)w∈Γ), σϕ((qw)w∈Γ)) ∈ α{v} .
Thus xϕ(v) = qϕ(v) = yϕ(v) which leads to ϕ(v) ∈ H , ϕ is an arbitrary element of
T , we have T v ⊆ H . Since H is finite, T v is finite too. 
Lemma 3.2. If for all w ∈ Γ, T w is finite, then (S, XΓ) is equicontinuous.
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Proof. Suppose for all w ∈ Γ, T w is finite and α ∈ F . There exist β1, . . . , βm ∈ Γ
with α{β1,...,βm} ⊆ α. Thus H := T {β1, . . . , βm} = {ϕ(βi) : ϕ ∈ T , 1 ≤ i ≤ m}
is a finite subset of Γ and αH ∈ F . We show SαH ⊆ α, for this aim suppose
((xw)w∈Γ, (yw)w∈Γ) ∈ αH and consider:
((xw)w∈Γ, (yw)w∈Γ) ∈ αH
⇒ (∀w ∈ H (xw = yw))
⇒ (∀ϕ ∈ T ∀i ∈ {1, . . . ,m} (xϕ(βi) = yϕ(βi)))
⇒ (∀ϕ ∈ T (((xϕ(w))w∈Γ, (yϕ(w))w∈Γ) ∈ α{β1,...,βm})
⇒ (∀ϕ ∈ T ((σϕ((xw)w∈Γ), σϕ((yw)w∈Γ)) ∈ α{β1,...,βm})
⇒ (∀σϕ ∈ S ((σϕ((xw)w∈Γ), σϕ((yw)w∈Γ)) ∈ α{β1,...,βm})
⇒ (∀σϕ ∈ S ((σϕ((xw)w∈Γ), σϕ((yw)w∈Γ)) ∈ α)
which leads us to the desired result. 
Lemma 3.3. If (S, XΓ) is weakly almost periodic, then for all w ∈ Γ, T w is finite.
Proof. Suppose (S, XΓ) is weakly almost periodic and consider w0 ∈ Γ such that
T w0 is infinite, choose β1, β2, . . . ∈ T such that {βn(w0)}n≥1 is a one–to–one se-
quence. We may suppose X has a finite cyclic group structure with identity u.
Choose v ∈ X \ {u}. For i ≥ 1 choose yi = (y
i
w)w∈Γ ∈ X
Γ and y = (yw)w∈Γ ∈ X
Γ
such that:
yiw :=
{
v w = βi(w0) ,
u otherwise ,
and yw :=
{
v w = β1(w0), β2(w0), . . . ,
u otherwise .
Then lim
i→∞
(y1 + y2 + · · ·+ yi) = y. The sequence {σβi}i≥1 has a convergent subnet
{σβiλ}λ∈Λ in E(S, X
Γ) to p ∈ E(S, XΓ). Since (S, XΓ) is weakly almost periodic,
by Note 2.2, there exists ψ : Γ→ Γ with p = σψ. Let (zw)w∈Γ := py = (yψ(w))w∈Γ
and (znw)w∈Γ := pyn = (y
n
ψ(w))w∈Γ (n ≥ 1). Using the continuity of p and
lim
i→∞
(y1 + y2 + · · ·+ yi) = y we have:
lim
i→∞
(py1 + · · ·+ pyi) = lim
i→∞
p(y1 + · · ·+ yi) = py ,
which leads to:
(*) lim
i→∞
(z1w0 + z
2
w0
+ · · ·+ ziw0) = zw0 .
For n ≥ 1 and all i ≥ n we have yn
βi(w0)
= u, so lim
i→∞
yn
βi(w0)
= u, which leads to
znw0 = limλ∈Λ
ynβiλ (w0)
= u. Hence:
(**) ∀n ≥ 1 (z1w0 + z
2
w0
+ · · ·+ znw0 = u)
Using (*) and (**) we have zw0 = u. On the other hand for all i ≥ 1 we have
yβi(w0) = v, therefore v = lim
i→∞
yβi(w0) = lim
λ∈Λ
yβiλ (w0) = zw0 , which is a contradic-
tion by u 6= v. 
Lemma 3.4. If (S, XΓ) is not equicontinuous, if and only if it is sensitive.
Proof. Suppose (S, XΓ) is not equicontinuous, by Lemma 3.2 there exists v ∈ Γ
such that T v is infinite. Consider x = (xw)w∈Γ ∈ X
Γ and open neighbourhood U
of x, there exists β1, . . . , βn ∈ Γ such that
{(yw)w∈Γ ∈ X
Γ : yβ1 = xβ1 , . . . , yβn = xβn} ⊆ U .
ON GENERALIZED SHIFT TRANSFORMATION SEMIGROUPS 5
Choose β ∈ T v \ {β1, . . . , βn} and p ∈ X \ {xβ} also let:
yw :=
{
xw w 6= β ,
p w = β ,
then y := (yw)w∈Γ ∈ U . There exists ϕ ∈ T with β = ϕ(v), so for (uw)w∈Γ := σϕ(x)
and (tw)w∈Γ := σϕ(y) we have uv = xβ 6= p = yβ = tv, thus
(σϕ(x), σϕ(y)) = ((uw)w∈Γ, (tw)w∈Γ /∈ α{v} .
Hence for all x ∈ XΓ and open neighbourhood U of x there exists y ∈ U and σϕ ∈ S
with (σϕ(x), σϕ(y)) /∈ α{v} which completes the proof. 
Theorem 3.5 (main). In the transformation semigroup (S, XΓ), the following
statements are equivalent:
1. the transformation semigroup (S, XΓ) is equicontinuous;
2. transformation semigroup (S, XΓ) has at least an equicontinuous point;
3. the transformation semigroup (S, XΓ) is not sensitive;
4. all of the elements of E(S, XΓ) are continuous maps on XΓ;
5. for all w ∈ Γ, {ϕ(w) : σϕ ∈ S} is finite;
6. for all w ∈ Γ, {ϕ(w) : σϕ ∈ E(S, X
Γ)} is finite;
7. E(S, XΓ) ⊆ {σϕ : ϕ ∈ Γ
Γ}.
Proof. (1,2,3,4,5) are equivalent: First note that if (S,Z) is an equicontinuous
transformation semigroup, then all of its points are equicontinuous points, it is not
sensitive, and all of the elements of E(S,Z) are continuous, so (1) implies (2), (3)
and (4). By Lemmas 3.1 and 3.3, (2) and (4) imply (5). By Lemma 3.2, (5) implies
(1). By Lemma 3.4, (3) implies (1).
(4) and (7) are equivalent by Note 2.2.
Its evident that (6) implies (5).
Finally, note that in equicontinuous transformation semigroup (S,Z), one may
consider the equicontinuous transformation semigroup (E(S,Z), Z), now using the
equivalency of (1) and (5), two items (1) and (7) imply (6). 
4. When is (S, XΓ) distal?
In this section we prove (S, XΓ) is distal if and only if it is equicontinuous, and T
is a collection of permutations on Γ. Lets recall that ϕ : Γ → Γ is injective (resp.
surjective) if and only if σϕ : X
Γ → XΓ is injective (resp. surjective) [2].
Lemma 4.1. If (S, XΓ) is distal, then for all w ∈ Γ the set T −1w(= {t ∈ Γ : ∃ϕ ∈
Γ (ϕ(t) = w)}) is finite and for all ϕ ∈ T the map ϕ : Γ→ Γ is bijective.
Proof. If (S, XΓ) is distal, then for all ϕ ∈ T the map σϕ : X
Γ → XΓ is bijective,
so ϕ : Γ → Γ is bijective too. Consider v ∈ Γ. If T −1v is infinite, then choose the
one to one sequence {vn}n≥1 in T
−1v and sequence {ϕn}n≥1 in T such that for all
n ≥ 1 we have ϕn(vn) = v (thus {ϕn}n≥1 is a one-to-one sequence too). Choose
distinct p, q ∈ X and let:
zw :=
{
p w = v ,
q w ∈ Γ \ {v} .
It’s evident that lim
n→∞
σϕn((q)w∈Γ) = lim
n→∞
(q)w∈Γ = (q)w∈Γ. We prove
lim
n→∞
σϕn((zw)w∈Γ) = (q)w∈Γ. So we should prove lim
n→∞
zϕn(w) = q for all w ∈ Γ.
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Consider w ∈ Γ there exists N ≥ 1 such that w 6= vn for all n ≥ N , thus
ϕn(w) 6= ϕn(vn) which leads to ϕn(w) 6= v and zϕn(w) = q for all n ≥ N , hence
lim
n→∞
zϕn(w) = q which leads to the desired result. Since lim
n→∞
σϕn((zw)w∈Γ) =
lim
n→∞
σϕn((q)w∈Γ) and (zw)w∈Γ 6= (q)w∈Γ, (S, X
Γ) is not distal, which is in contra-
diction with our assumption and completes the proof. 
Lemma 4.2. Suppose T is a semigroup of permutations on Γ and w ∈ Γ. The
following statements are equivalents:
1. T w is finite;
2. T −1w is finite;
3. T w = T −1w is finite.
Proof. (1) ⇒ (2): Suppose T w is finite and consider ϕ ∈ T , since {ϕn(w) : n ≥
1} ⊆ T w, the set {ϕn(w) : n ≥ 1} is finite too, so there exists n > m with
ϕn(w) = ϕm(w), hence ϕn−m(w) = w and w is a periodic point of ϕ, however
ϕ2(n−m)−1 ∈ T which leads to ϕ−1(w) = ϕ2(n−m)−1(w) ∈ T w. Thus T −1w ⊆ T w
and T −1w is finite.
(2) ⇒ (1): Suppose T −1w is finite, then T ′ := {ϕ−1 : ϕ ∈ T }(= T −1) is a
semigroup of permutations on Γ and T ′w is finite, now using “(1)⇒ (2)”, T ′ −1w =
T w is finite.
Using the proof of “(1)⇒ (2)”, and the above proof its clear that “(1,2)⇒ (3)”. 
Lemma 4.3. If for all ϕ ∈ T , ϕ : Γ→ Γ is bijective and for all w ∈ Γ, T w = T −1w
is finite, then (S, XΓ) is distal.
Proof. Suppose for all ϕ ∈ T , ϕ : Γ→ Γ is bijective and for all w ∈ Γ, T w = T −1w
is finite. Consider the net {ϕλ}λ∈Λ in T and (xw)w∈Γ, (yw)w∈Γ, (zw)w∈Γ ∈ X
Γ
with lim
λ∈Λ
σϕλ((xw)w∈Γ) = (zw)w∈Γ = lim
λ∈Λ
σϕλ((yw)w∈Γ). Choose v ∈ Γ, the map
ϕ ↾T v: T v → T v is bijective since it is one to one and T v is finite. We have
lim
λ∈Λ
σϕλ ↾XT v ((xw)w∈T v) = (zw)w∈T v = lim
λ∈Λ
σϕλ ↾XT v ((yw)w∈T v), note to the
fact that {σϕλ ↾XT v : λ ∈ Λ} is a set of permutations on X
T v and it is finite (since
XT v is finite), leads us to (xw)w∈T v = (yw)w∈T v and in particular xv = yv. Hence
(xw)w∈Γ = (yw)w∈Γ and (S, X
Γ) is distal. 
Using Theorem 3.5, Lemmas 4.1, 4.2 and 4.3 we have the following theorem.
Theorem 4.4. In the transformation semigroup (S, XΓ), the following statements
are equivalent:
• the transformation semigroup (S, XΓ) is equicontinuous and for all ϕ ∈ T ,
ϕ : Γ→ Γ is bijective;
• the transformation semigroup (S, XΓ) is distal;
• for all w ∈ Γ, {ϕ(w) : σϕ ∈ S} is finite and for all ϕ ∈ T , ϕ : Γ → Γ is
bijective;
• for all w ∈ Γ, {v ∈ Γ : ∃σϕ ∈ S (ϕ(v) = w)} is finite and for all ϕ ∈ T ,
ϕ : Γ→ Γ is bijective.
5. Expansive generalized shift transformation semigroup (S, XΓ)
In this section we prove that the transformation semigroup (S, XΓ) is expansive, if
and only if there exists finite subset H of Γ such that Γ = T H , in particular using
Theorem3.5 one may verify directly that if (S, XΓ) is expansive, then it is sensitive.
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Theorem 5.1. The transformation semigroup (S, XΓ) is expansive, if and only if
there exists finite subset H of Γ such that Γ = T H .
Proof. Suppose (S, XΓ) is expansive, there exists α ∈ F such that for all distinct
x, y ∈ XΓ there exists ϕ ∈ T with (σϕ(x), σϕ(y)) /∈ α. There exists finite subset H
of Γ with αH ⊆ α. Choose v ∈ Γ and distinct p, q ∈ X and let:
zw :=
{
p w = v ,
q w ∈ Γ \ {v} .
There exists ϕ ∈ T with ((zϕ(w))w∈Γ, (q)w∈Γ) = (σϕ(zw)w∈Γ), σϕ((q)w∈Γ)) /∈ α
which leads to ((zϕ(w))w∈Γ, (q)w∈Γ) /∈ αH , thus there exists w ∈ H with zϕ(w) 6= q,
and ϕ(w) = v, hence v ∈ ϕ(H) and Γ = T H .
Now conversely, suppose there exists finite subset H of Γ such that Γ = T H
also consider distinct (xv)v∈Γ, (yv)v∈Γ ∈ X
Γ. There exists w ∈ Γ with xw 6=
yw. Also there exist ϕ ∈ T and h ∈ H with ϕ(h) = w, thus xϕ(h) 6= yϕ(h) and
((xϕ(v))v∈Γ, (yϕ(v))v∈Γ) = (σϕ((xv)v∈Γ), σϕ((yv)v∈Γ)) /∈ αH . 
6. A diagram
Now we are ready to compare equicontinuity, distality, sensitivity and expansivity
in generalized shift transformation semigroups, via diagrams and examples. For
this aim suppose C is the collection of all transformation semigroups like (E , Y Λ)
where Y is a finite discrete space with at least two elements, Λ is a nonempty set
and E is a subsemigroup of generalized shifts on Y Λ (i.e., E is a subsemigroup of
{σϕ : ϕ ∈ Λ
Λ}), then we have the following diagram:
Equicontinuous elements of C
6.1
Distal elements of C
6.2
Sensitive elements of C
6.3
Expansive elements of C
6.4
Example 6.1. Consider ϕ : Z → Z with ϕ(n) = |n| (for n ∈ Z), then
({σϕ, σidZ}, {0, 1}
Z) is equicontinuous and it is not distal (note that σϕ : {0, 1}
Z →
{0, 1}Z is not surjective).
Example 6.2. Consider ϕ : Z → Z with ϕ(n) = −n (for n ∈ Z), then
({σϕ, σidZ}, {0, 1}
Z) is distal.
Example 6.3. Consider ϕ : Z → Z with ϕ(n) = n2 (for n ∈ Z), then
({σϕn : n ≥ 0}, {0, 1}
Z) is sensitive and it is not expansive (since {ϕn(2) : n ≥
0} = {22
n
: n ≥ 0} is infinite, {ϕn(1) : n ≥ 0} = {1} is finite, and for all finite
subset A of Z the set {ϕn(i) : i ∈ A, n ≥ 0} = {i2
n
: i ∈ A, n ≥ 0} is a proper
subset of Z).
Example 6.4. Consider ϕ : Z→ Z with:
ϕ(n) :=


n+ 1 n ≥ 1 ,
0 n = 0 ,
n− 1 n ≤ −1 ,
then ({σϕn : n ≥ 0}, {0, 1}
Z) is expansive.
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